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in Assemblies of Photoelastic Particles

Theoretical and experimental description of the application of the
photoelasticity method to three-dimensional assemblies of glass particles

by Henderiekus G.B. Allersma

ABSTRACT—An optical measuring method and a calculation
procedure for determining the distribution of the stress tensor
in a plane-strained three-dimensional assembly of random-
shaped photoelastic particles are described. The stress tensor
al an arbilrary point of the model is determined by an inte-
aration procedure, based on the equations of equilibrium of
stresses, The distribution of the principal-stress direction and
the relative principal-stress difference and at least two normal
siresses In a plane have lo be known to perform the integra-
tion. The distribution of the principal-siress directions and
their difference are measured optically by scanning the model
with an optical filter system with a single fotating polarizer.

Introduction

The photoelastic property of materials has long been
used to investigate the stress distribution in scale models
of elastic materials. Polariscopes have been developed
which can be automated as for example described by
Redner,' and techniques have been developed to interpret
and process the measured data by a computer, as for
example described by Miiller and Saackel.?

In particle mechanics, however, no test method has
been available to obtain detailed maps of the stress distri-
bution in particle assemblies. In 1957 Dantu’ and Waka-
bayashi‘ demonstrated that the photoelastic property
could be used qualitatively to visualize the force trans-
mission in assemblies of photoelastic particles. The
interpretation of this optical phenomenon, however,
requires other techniques than those used for homo-
geneous elastic materials, because the stresses in the
photoelastic particles are too inhomogeneous and usually
too low to generate sharp isoclinics or isochromatics.
Furthermore parameters have to be measured which
describe the distribution of the contact forces.

An analysis of the force distribution in two-dimensional
assemblies of large photoelastic disks was described by
De Josselin de Jong and Verruijt.' They used the iso-
chromatics in the disks to determine the magnitude and
direction of the contact forces and they showed that the
stress distribution in a region could be described approxi-
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mately by a tensor. Drescher and De Josselin de Jong®
described a relation between the individual forces acting
at the boundary of an element in a particle assembly and
the average stress tensor. This relation shows that the
tensor, which is representative of the distribution of the
contact forces in a region, can be derived by averaging
all the stress components in the particles in the region
considered.

A polariscope has been developed to measure two
parameters of the average stress tensor in a small region
which contains many particles with an inhomogeneous
stress distribution. The distribution of the average tensor
parameters in a test model has been used in a computer
program to derive stress maps. The calculation procedure
is based on the Lame-Maxwell equations of equilibrium
as described by Frochi

Stresses in Noncohesive Particulate Matter

If a large number of particles are brought together
there will be contact points between the particles. At
each contact point a force is acting which originates from
gravity and/or external loads. The direction of the forces
and the friction between the particles determine whether
particles move with respect to each other or not. It is
usual to describe the distribution of the individual forces
and displacements in a representative region with second
rank tensors, because this makes it possible to apply the
concepts of continuum mechanics. In contrast with elastic
materials’ there is not, due to the internal friction, a one-
to-one relation between the stress and strain tensor in
particulate material. Therefore i is in general not possible
to derive the local streSs tensor in an arbitrary material
point in the interior of an assembly of particles from
measurements of the deformation tensor, or from mea-
surements of surface tractions at the boundary. To
investigate the stress-strain relation more generally, it is
necessary (0 measure the stress and strain tensors Sys-
tematically in a test model, 3

At present, optic«lr techniques are available for ob-
taining components of a tensor which describe the distri-
bution of the contact forces only without interfer of
alien bodies. A visible result of such an optical tech-
nique is shown in Fig. 1. The test model wonsists of
cuvet with parallel glass walls at a distance of 40
from cach other. The space between is filled with crus
pyrex glass with a particle size of abe





[image: image2.jpg]assembly is made transparent by subm_erging the pores
with a liquid having the same refraction index as lh; glass
used. The light transmitted is observed with a c)rcul_ar
polariscope.” If the assembly is loaded under plane-strain
conditions, for example by displacing a boundary segment
between the glass walls, grains with large internal shear
stresses show up most clearly. It seems that the clear
particles create a pattern in which it is supposed H_\al the
direction of the tangent at some point coincides with the
major principal stress direction (Drescher’). This pheno-
menon is used by many investigators to observe stresses in
particulate material. The visual interpretation of _lhc
photographs, however, is not objective and information
can be obtained only about the distribution of the
directions of the principal stresses.

More information about the stress tensor at a material
point can be obtained if the stress distribution in the
particles is analyzed. A relation between the average stress
tensor in a region ¥, which contains many particles, and
the contact forces which are intersected by the boundary
of V has been presented by De Josselin de Jong and
Drescher with

= )
V

in which

¥V = volume of the region
p = number of contact forces intersected by the
boundary of V'

T component of the m-th contact force
=123

x;'™ = coordinates of the intersection point
(i=1,2,3)

In this case V is taken to be a region enclosed by a
cylinder, of which the length and diameter are respectively
the thickness of a plane model and the diameter of a light
beam. The average stress tensor, which describes the
distribution of the contact forces in region ¥, can also be
derived by averaging the microstresses in the particles.
Because the particle assembly is loaded under plane-strain
conditions, it is assumed that the particles can be con-
sidered as plane-strain bodies (the third principal stress is
perpendicular to the plane of the model) with different
inhomogeneous stress distributions. The photoelastic
property of the particles can be used in this case to
measure optically two parameters of the average stress
tensor which describes the two-dimensional stress state at
a material point of the model. The measured parameters
are: (1) the directions of the principal stresses, ¢, and (2)
the relative difference between the principal stresses, 5. If
these two parameters at each point of a plane test model
are known, as well as at least two normal stresses, for
example at the boundary, enough data have been measured
to determine the stress tensor at an arbitrary point of the
model, as will be demonstrated below.

Equipment

An automatic apparatus has been developed to deter-
mine ¥ and 6 optically at the nodals of a screen in a plane
model of granular photoelastic material. The apparatus
consists of a computer controlled x-y scanner which
moves an optical system to any point desired. The optical
system consists of a monochromatic light source (He-Ne
laser) with optical filters, a computer-controlled rotating

Fig. 1—Photograph of a loaded particle assembly observed
with a circular polariscope

polarizer and a photomultiplier. The diameter of a
circular-polarized light beam, which enters the plane
model perpendicularly, is 6 mm. The scanner moves the
light beam from point to point along straight lines in the
x or y direction. The distance between the points and the
number of points in the x and y directions are variables
in the computer program, which have to be set at the
beginning of the measurement. At each point the polarizer
rotates through 180 deg, while at every degree the intensity
of the light, which is transmitted through the model and
the polarizer, is digitized and used in a computer program
to determine the maximum, minimum and average light
intensity. When the rotation has been completed the
tensor parameters are calculated and stored, for instance
on paper tape.

A one-board microcomputer is used to control the
measuring equipment. The program developed uses a
combination of BASIC and assembler language. The
BASIC language is convenient to enter variables and to
calculate and store results. The machine language routines
are used for fast operations such as the controlling of step
drivers for the x-y scanner and the rotating analyzer, the
conversion of the light intensity into digital form, and the
determination of the maximum, minimum and accumulated
light intensity during a measuring cycle. A diagram of the
electronic equipment is shown in Fig. 2.

Data Processing

The equations of equilibrium of Lamé-Maxwell are
used to calculate the stress tensor at an arbitrary point of
the model. The integration of the equations has to be
performed numerically because (02—0) and ¢ have to
be approximated by interpolation. A boundary value for
the integration and a multiplication factor M in (0:—0,)
=M} can be derived if, besides the optically measured
parameters 6 and ¥, two normal stresses on a plane are
also known. In Fig. 3 two points, A and B, on a boundary
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[image: image3.jpg]are shown at which the normal stress a,,, its direction 8,
the principal stress direction ¥ and the relative principal-
stress difference & are known. The principal stresses at
these points can be expressed as M, 8, o,, Y and § with

0, = 0, — YaMb[cos 2(B — 1) + 1] = 0, — MT,
@
0 = 0, + Y2 Mb[cos 2(B— Y1) — 1] = 0.+ MT:

The relative increment of o, from A4 to B can be cal-
culated and is assumed to be Ao, = MA; thus (0.)s =
(01)4 + MA. Given eq (2) it follows that

M = [(0,)s = (0:)a)/[(T\)a = (T1)a + A]

The real values of o, in A and B are determined by sub-
stituting M into eq (2). In order to calculate the stress
tensor at an arbitrary point of the model either point A
or B can be used as a starting point for the numerical
integration.

The calculation procedure is used in a computer program
to derive stress maps from the measured data. The input
of the program is:

—the distribution of & over the field,

—the distribution of y over the field,

—the coordinates of the boundary and strain gages, and
—at least two normal stresses at the boundary.
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Fig. 2—Diagram of the electronical equipment
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The Optical Measurement of & and ¥

The application of stress optics to particle assemblies
requires some properties of the optical filter system which
are usually not of importance for stress analysis in homo-
geneous bodies.

Although the assembly of glass particles is made trans-
parent with a fluid, the absorption of light due to reflec-
tions, etc., is not homogeneous over the surface of the
plane model and depends on the deformation. It is there-
fore necessary that the intensity of the incident light,
including losses due to absorption by the optical filters,
can be measured when the model is loaded.

The stress tensor at a material point has to be derived
from the microstresses in the grains of a small region. The
accumulation of the optical effects over the surface of the
light beam therefore should be in agreement with the
vectorial addition of the microstresses.

Fig. 3—Data used to calculate M, o, and o,

monochromatic
light sourse

Fig. 4—Optical filter system to determine
parameters of the average stress tensor in
arepresentative region





[image: image4.jpg]The layout of the optical filter system which best
meets the requirements is shown in Fig. 4. A linearly
polarized light beam transmits through a quarter-wave
plate in a 45-deg position, a point of the doubly refractive
model and a rotating polarization filter (analyzer) res-
pectively. The intensity of the light, Z, which has been
transmitted by the analyzer depends on the angle vy
between the polarization plane and o,, the phase retarda-
tion &, caused by the model and the intensity of the
incident light, 7,. The light intensity /, is extreme, if the
polarization plane of the analyzer inclines 45 degrees with
respect to the principal stresses. According to the stress
optical laws, the extreme intensities can be described by

Tnax =

;71,,(1 +5in 8)

1 5 3)
= 71,,(1 —sin 6)

Tnin

If the directions of the principal stresses are not known,
the maximum and minimum light intensity can be found
by rotating the analyzer through 180 degrees and measuring
the light intensity, for example at every degree. The
intensity of the incident light can be calculated from the
average light intensity / with

I, = 2T = (Inox+ Iuin) @
Sufficient data is now available to calculate the phase
retardation, for example with

b = ol

®)
If the initial position of the analyzer is known, the
direction of the principal stresses can be derived from the
rotation angle 8 of the analyzer at maximum light in-
tensity, with

Y1 = Brmax — 45 deg
©)
Y2 = Bimax +45 deg

The range of § is limited because /yax — I decreases if
& becomes larger than % = radians. However, a favorable
circumstance is that the principal-stress differences in
particle assemblies are commonly low in comparison
with tests in homogeneous cohesive materials.

Fig. 5—Vectorial addition of two
Mohr circles

e

If glass particles are used in a test model with a thick-
ness of 40 mm, the maximum principal stress difference
which can be measured is about o, — g, = 700 kN/m*. In
the test described in this paper the maximum principal-
stress difference measured was smaller than 250 kN/m? (&

1

<?1r)4

A simple equation can be derived to calculate_ oy
because / seems to be a harmonic function of y with a
period of 180 deg. An equivalent is then

I, = (Imax— D sin 2y +7 (@)

Substituting the expressions for the intensities gives

®)

i %I,[sinb sin2y +1]

where y may also be written as y = 8 — 1.

Optical Averaging of Tensor Parameters

A material point in a particle assembly is defined by a
space which contains so many particles that a small
deviation of the volume considered does not change the
average stress tensor. The relation between the micro-
stresses and the average stress tensor at a material point
is defined by eq (1).

The parameters of the stress tensor measured optically
are the length 6 of a vector and its orientation 2. In a
Mohr diagram this vector is the line segment between the
pole and the center of the Mohr circle. The addition of
stress tensors can also be performed by vectorial addition
of all the line segments of the Mohr diagrams. An example
of a two-dimensional stress state is shown in Fig. 5. R,,
¥, and R,, ¢', represent two regions with different
stresses and R, i is the result of the vectorial addition.
The mathematical relation is

Ry = \IRI+ R+ 2R, R; cos 2(y: —¥D]

©)

" 1 R R
¥ =;arcos( L cos 2y, + R’ cos 2y)

5 3

The oplicg] addition of the tensor parameters can be
separated into an addition over the thickness of a test
model and an addition over the surface of the light beam.





[image: image5.jpg]It is well known in photoelasticity that the optical addition
of the tensor parameters over the thickness agrees with
the vectorial addition’ as represented by eq (9). The
addition over the surface, however, depends upon the
filter system used. A circular polariscope, for example,
adds the principal stress differences as scalars, while in the
case of polarizers on both sides of the model rotating
synchronously, equal stresses which incline 45 deg are
suppressed.

The filter system described in this paper adds the
optical measurable tensor parameters almost in the same
way as the vectorial addition. This can be verified
numerically from eqs (8) and (9). If the surface of the
light beam is divided into two equal parts with different
stresses, eq (8) becomes

Fig. 6—Computer plot of principal-stress
trajectories based on 100 measuring points
of Fig. 1

Fig. 7—Distribution of the relative principal-stress
difference based on 100 measuring paintps

ks %l, [% sind sin2 (B )

+;— sind’ sin2 (B—y) + 1]

The maximum and minimum value of / and the values of
8 to match can be found in a simple way by a computer
program. The average values for & and  can now be
calculated from eqs (5) and (6) and verified with the
results of eq (9).

An example with R, = 6 = 20, R, = =40, Y =
10 deg and ¥ = 20 deg gives optically 5 = 27.8, ¥\ =
23 deg and vectorially R = 4R, = 28.4 and ¥, = 23.5
deg, which appears to be in reasonable agreement. The
error is a maximum if |, — ¢/| = 45 deg and increases if
(86+6')/20r |5—6'| increase.

It can also be deduced from eq (8) that the average
light intensity during the rotation of the analyzer is
independent of the stress distribution in the measuring
region. Therefore I, can also be derived from the average
light intensity if the stress distribution in the measuring
region is inhomogeneous.

Results

The test presented here is performed in an apparatus
with twelve hinged boundary segments, which can be
displaced individually by means of screws. Three segments.
are equipped with strain gages to measure the normal
stresses. The length of each segment is 70 mm and the
height 42 mm. The boundary segments create a closed
space between the plane-parallel glass plates, which is
occupied by glass particles of about 2 mm and a fluid
with matching refractive index. A complex load can be
applied to the particle assembly by displacing the boun-
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Fig. 8—Calculated stress distribution based on the
Figs. 6 and 7 (1 scale = 100 kN/m? or1cm). M:rk:!d.“ ot
arrows are measured normal stresses
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[image: image6.jpg]dary segments. A photograph of a test viewed with a
circular polariscope is shown in Fig. 1.

In Fig. 6 a computer plot of the principal stress tra-
jectories is presented, which is based on data of 100
measurements with the rotating filter system. It appears to
be in good agreement with the bright stripes visible with
the circular polariscope. In Fig. 7 the measured distribu-
tion of the relative principal stress difference is shown
graphically. The stress distribution in the interior of the
model and the normal stresses at the boundary calculated
with the Maxwell equations are shown in Fig. 8. The
normal stresses measured with strain gages are represented
by the arrows marked 1, 2, 3.

The accuracy of the measuring method cannot be
verified directly because no method is available to cal-
culate the true stress distribution. Several aspects can be
checked, however, so that it is possible to decide whether
or not the results are reasonable. One of them is the
multiplication factor M in 0, — o, = M 8. The calculation
of M must be independent of the normal stresses used.
The range in this test was 4 <M<4.7, with an average
value of M = 4.4. The optical constant K of the parti-
culate material can now be calculated. The values of the
parameters used are

wavelength of the light, A = 632 « 10 m
thickness of the model, s = 4.2 « 10 m
light velocity in glass, C = 2.04 « 10° m/s

This gives K = NC/27Ms = 110.

The optical constant for glass found in the literature
ranges from 62 to 180. It is to be noted that the optical
constant of a particle assenibly is theoretically the same
as for homogeneous glass because the principal-stress
difference in the particles is reversed proportionally to the
concentration of glass in a volume. So far it has not been
found possible to determine directly the optical constant

X
Fig. 9—Distribution of ¢ mobilized (5deg < ¢,,< 43 deg)

of the glass used since the glass is not strong enough to
resist the necessary high shear stresses without failure.
The value K = 110 obtained from the tests seems rea-
sonable, however.

Another check is the angle of the tangent of M_ohrfs
circle through the origin of the ¢ —7 diagram, which is
usually called the mobilized angle of friction, ¢. Th.e
distribution of ¢,, is shown in Fig. 9. The limits for (hls
test are 5 deg <¢,, <43 deg. The angle of internal friction
¢ of the particulate material should be equal to the
maximum value of @,,, i.e., ¢ = 43 deg. The internal
friction determined independently with a triaxial apparatus
was about ¢ = 40 deg, which is sufficiently close to the
value obtained in the photoelastic test. i

A third indication of the accuracy is the determination
of o, at a point, starting the integration procedure from
different points. As an example, o, is determined at the
center of the measuring screen, starting from each of the
three measuring points on the boundary. The limits of the
calculated major principal stress are —279<a; < —255
kN/m?. The maximum deviation from the average value
is about 5 percent. Similar results are obtained in other
tests which gives additional support to the reliability
of the procedure.

Conclusions

The optical measuring method described makes it
possible to determine the stress distribution in complex
assemblies of loaded particles, with an accuracy apparently
unprecedented in particle mechanics. Knowledge of the
stresses is expected to be of great help in investigations of
the behavior of particulate material.

Although the measurements and the data processing
are time-consuming processes, the method is very con-
venient because both processes have been completely
automated.

The polariscope used gives the directions of o, and g,
independently, gives for each measuring point the intensity
of the incident light, and adds stress components vectorially
over the surface of the light beam.

Because the test models and loading systems are too
heavy to manipulate, a computer controlled x-y scanner
has been developed which can move the optical system
with respect to fixed-plane-horizontal or plane-vertical
test models.
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